We consider the one-loop renormalization of QED in curved space-time with additional Lorentz and/or CPT breaking terms. The renormalization group equations in the vacuum sector are derived. In the special case of Minkowski metric and with constant Lorentz and CPT breaking terms these equations reduce to the ones obtained earlier by other authors. The necessary form of the vacuum counterterms indicate possible violations of the space or time homogeneity or space isotropy in the gravitational phenomena. However, the necessity of the phenomenologically most interesting terms such as linear in the space-time curvature or torsion, is related to the non-constant nature of the dimensionless Lorentz and CPT breaking parameters.
Introduction
One of the most perspective windows into the Planck-scale physics is due to the possible violations of the fundamental (Lorentz and/or CPT) symmetries [1] . According to the existing theoretical investigations [2] , it might happen that, due to the string scale quantum effects, the vacuum is not Lorentz invariant. This means that in our part of the Universe there is some fixed external field or fields which define a preferable direction in the space-time. Similar vacuum effects may be responsible for the CPT violations. The conventional approach for the study of the possible Lorentz and CPT violations is to consider the most general form for these violations and then look for their phenomenological consequences. The most promising type of experiments here belong to the area of atomic physics [3] , but there are also interesting options in the area of high energy and solid state physics [4] , neutrinos experiments [5] , gravitation [6] and cosmology [7] (see further references therein).
From the quantum field theory viewpoint, the presence of additional external fields means that the changes may occur not only at the tree level but also in the loop corrections. The investigation of the loop correction in CPT and Lorentz violated QED has been started recently in the work [8] , where the renormalization-group β-functions have been derived and the corresponding quantum effects were indicated. One of the most important aspects of quantum consideration is that it enables one to elaborate the criteria of consistency for the theory. These criteria concern the minimal necessary set of the terms in the classical action which are usually required by renormalizability and unitarity of the theory and also the magnitudes of the new parameters in the actions, which should be consistent with the renormalization group running caused by the loop effects. An example of the theory where these criteria were very well investigated is the quantum field theory in curved spacetime. In this case the consistency is achieved by introducing the so-called vacuum action and the non-minimal interaction terms for the scalar fields. The most remarkable fact is that the vacuum action must include, along with the Einstein-Hilbert term, also the cosmological constant and the full set of local fourth derivative terms (see, e.g. [10] for the introduction and further references). This aspect of the theory leads to important consequences for the gravitational phenomenology and, in particular, is relevant for a better understanding of the Cosmological Constant Problem [11] .
Indeed, one can consider the situation with the Lorentz and CPT violating terms in QED (or any other quantum field theory) from a similar viewpoint. Introducing new terms in the matter sector one meets, at the quantum level, the necessity to extend the classical action of vacuum by introducing the full set of the new terms depending on Lorentz and CPT violating parameters. The form of the necessary new terms may be established on the basis of general considerations using dimension and covariance. However, only practical one-loop calculations may indicate which of those terms are the most important ones. Let us remember that, due to the weakness of the Lorentz and CPT violating terms, the higher loop vacuum effects are definitely very small. Therefore the most important terms are those which will emerge in the one-loop counterterms. Hence the correct strategy in investigating the possible role of Lorentz and CPT violating parameters in the gravitational sector is to start by deriving the one-loop divergences for the quantum field theory on curved background, including the Lorentz and CPT violating terms in the matter section. The results of such calculation can be used as a hint, indicating the most important new terms to be implemented into the gravitational action. At the next stage one has to look for the possible phenomenological manifestation of these new terms.
In this paper we report on the particular results of the one-loop calculations in the Lorentz and CPT violating QED in curved space-time. This calculation helps us to identify the most interesting gravitational terms, that may be a good starting point for the phenomenological analysis.
The paper is organized as follows. In section 2 we consider the Lorentz and CPT violating QED in curved space-time and derive the most relevant one-loop counterterms. Our results are less general than the ones of the previous calculation in flat space-time [8] , because we set some of the new parameters to zero. The inclusion of these parameters leads to enormous increase of the size of the calculational work and we postpone this calculation for the future. On the other hand, we perform a more general calculation that the one of [8] , because we do not request nor that the Lorentz and CPT violating parameters are constants 3 , neither the flatness of the space-time. In this way we achieve, in section 3, the form of the qualitatively new terms in the gravitational action and consider the renormalization group for (some of) the corresponding parameters. The section 4 includes a general discussion of their possible physical effects and in section 5 we draw our conclusions.
Derivation of the one-loop divergences
Our starting point is the action describing an extended version of QED with Lorentz and CPT symmetry breaking terms, minimally coupled to gravitation
Here
the operator ∇ µ is the covariant derivative, F µν = ∇ µ A ν − ∇ ν A µ and the quantities Γ ν 1 and M 1 are given by
Along with the parameters (k F ) µναβ and (k AF ) ρ , the quantities a µ , b µ , m 5 , c µν , d µν , e µ , f µ , g λµν and H µν are CPT and/or Lorentz violating parameters. An extensive discussion of the possible origin of these parameters and also their numerous phenomenological implications can be found in [1, 2] and we will not consider these aspects here. Let us only notice that the quantities constituting Γ ν 1 and the parameter (k F ) µναβ are dimensionless and all other parameters have non-zero dimensions which can be easily found from eq. (1). Our purpose is to investigate the one-loop renormalization in the vacuum sector, depending on the metric and on the set of the CPT and/or Lorentz violating parameters. As usual, we assume that these new fields are small, therefore our calculation can be restricted to the first order in the Lorentz and CPT violating parameters. At the same time, we do not see why these parameters must be constants and hence we will let them being local functions of the space-time coordinates. Indeed, the space and time derivatives of these parameters should be small, such that the linear approximation in the new parameters and their derivatives remain sufficient.
In order to investigate the one-loop renormalization of the Lorentz/CPT breaking coefficients, we consider the background field method splitting,
where η,η and B µ are the quantum fields, and calculate the complete one-loop divergences of theory (1), given by 4
where the operatorĤ is the operator of the bilinear in quantum fields part of the action together with the gauge-fixing term. Let us introduce this term in the form
where α is an arbitrary parameter of the gauge fixing. Let us notice that, with this choice of the gauge-fixing, the corresponding Faddeev-Popov ghosts contribute only to the vacuum (metricdependent) sector of the theory and these contributions do not depend on the new Lorentz breaking parameters of the theory. Therefore one can safely disregard the contribution of the ghosts except when we consider these terms in eq. (20) . The use of the background field method (see [10] for the introduction and further references) guarantees the gauge invariance of the quantum corrections. For practical calculations we choose the value of α = −1, such that without the Lorentz breaking parameters, the bilinear form of the action has the most simple minimal form, with second derivatives forming the = g µν ∇ µ ∇ ν combination (see, for example, the expression (9) below, in the caseK ρλ = 0). The natural question is whether the quantum corrections may depend on the choice of parameter α. As far as we are interested in the one-loop divergences and related objects like β-functions, the well known general theorems [12, 13] tell us that the gauge fixing dependence should disappear on the classical mass-shell. As a result, only the renormalization of the wave function for the fermion may depend on the choice of α, while the β-functions for all parameters (including the Lorentz-violating ones) are not affected by this dependence.
After performing the bilinear expansion, it proves useful to make a change of variables
The corresponding Jacobian depends only on the metric and can be evaluated using the known algorithms (see, e.g. [10] ). After the mentioned change of quantum variables the bilinear part of the total action acquires the form
Let us notice that the above expression has an unusual form, making practical calculations rather difficult. Due to the presence of the massless parameters in Γ ν 1 and also (k F ) µναβ in the action (1), the differential operatorĤ has a general non-minimal structurê
where we have separated the conventional terms and the new, (unusual) ones. In particular,
with I being the identity operator in the fermionic sector,ĥ ρ 0 andΠ 0 are those parts of the corresponding expressions (matrices), which are independent on the Lorentz violating coefficients. These formulas simply correspond to the pure QED theory in curved space-time. Their explicit form iŝ
Furthermore, the matricesK ρλ ,L ρ andM are linear on the Lorentz violating coefficients,
As we have already mentioned above, the operator (9) has a non-minimal form and therefore the standard Schwinger-DeWitt technique for deriving the divergences can not be applied. In this situation one can either use local momentum representation (see, e.g. [14] ) or apply the generalized Schwinger-DeWitt method [15] , making expansion into the new Lorentz/CPT breaking terms. The last calculation is definitely possible, in particular we could obtain the general expression for the divergences of the theory. Unfortunately, from the technical point of view, it is rather difficult, demanding extremely long and complicated algebraic computer calculations. At the same time, the most important physical information can be indeed obtained in a relatively economic way. Therefore we postpone the complete calculus for the possible next work and concentrate here on the reduced version. One can simplify the problem by settingK ρλ = 0, reducing the quadratic operator to the minimal form. This restriction can be achieved by setting k
shows up also in the expression forL ρ . In order to have an extra qualitative information, in what follows we will not simply set k µ(ρλ)ν F = 0, but just remember that the corresponding terms can be modified by taking into account theK ρλ -dependent terms.
In the framework of the Schwinger-DeWitt technique, we find the one-loop divergences by using the known formula (see, e.g. [10] )
where ǫ = n − 4 is the dimensional regularization parameter and
Finally, the symbol sTr in the formula (14) stands for the supertrace (or Berezinian). This means that the trace of the matrix operator in (14) and in what follows is an algebraic sum of the traces of the diagonal matrix elements, with the signs taken according to the statistics of the corresponding quantum fields. In particular, in the bosonic sector of the fields B µ the coefficient of the contribution is +1 and in the fermionicηχ -sector the coefficient is −2. In the expression (14) we have disregarded those terms which depend only on the metric. The reason is that they are given by the sums of the contributions of the free fields which are very well-known (see, e.g. [16, 10] ). After performing some algebra, we obtain, in up to the first order in the new parameters,
where the operatorsP 0 andŜ 0 αβ correspond to the pure QED. These operators can be obtained from the expressions (15) and (16) by setting all Lorentz/CPT breaking parameters to zero. The final result for the divergent part of the one-loop effective action has the form
where we used notations (k
is the one-loop divergences for the pure QED theory. Finally, Γ
vac [g µν ] is the divergent part of the metric-dependent vacuum effective action of QED (taking the ghosts contributions into account)
with C 2 µναβ and E representing the square of the Weyl tensor and the Gauss-Bonnet topological term (Euler characteristic). In the expressions presented above we did not include total derivatives. It is easy to see that the above expression includes, along with the usual QED divergences, many new terms. Part of these terms, concentrated in the last two lines of eq. (18) can be characterized as the vacuum ones, because they do not depend on the matter fields. Other new terms have a non-minimal form, analogous to the Rϕ 2 -term for the scalar field theory in curved space. Let us notice that there is no divergent Chern-Simons -like term, b µ A ν F αβ ε µναβ . This term is possible due to the dimensional reasons, however it does not show up in the one-loop counterterms.
General discussion of the one-loop renormalization
Let us start the analysis of the result (18) by making comparison with the available particular results. First of all, eq. (19) has the standard well-known form of the QED divergences in curved space-time. This is perfectly consistent with the general features of the renormalization in curved space-time (see, e.g. [10] ). The renormalization of the minimal sector performs independent on external fields. We can conclude that this feature holds in the present case of a Lorentz/CPT violating theory.
As a second step, consider the particular case where the background metric is the flat Minkowski one and moreover assume that all Lorentz violation parameters are constants. This is exactly the case investigated in [8] . Unfortunately we are not able to make a full comparison, because [8] treats the general case with an arbitrary matrixK ρλ 5 . However, even the partial comparison of the two calculations is useful and important. The one-loop divergences in this case reduce to
Let us notice that the term − 2 m q H µν F µν is not included here because for H µν = const it is a total derivative. The expression (21) corresponds to the one which has been used in [8] for deriving the renormalization group equations. Correspondingly, the proper equations (see below) reduce to the ones of [8] in the corresponding limit. Let us now consider the qualitatively new terms due to the nontrivial metric, which have no analogs in the flat space case. The form of divergences in the fermionic sector shows the usual renormalization of the electromagnetic-like and torsion-like terms, with the a µ and b µ coefficients correspondingly. The form of the counterterms is controlled by the gauge symmetries, as it was discussed in [17, 18, 19] . Furthermore, the axial vector torsion component b µ gains new contributions from the new S µ and k µ AF fields. It is remarkable that the S µ contribution is caused by the derivative of the massless k µναβ F field. Therefore if this field is present and is not exactly constant, the torsion b µ term should be indeed present in the classical action, otherwise the theory is not renormalizable. Similar considerations apply to the torsion-like trace vector a µ . However, here we meet an interesting special situation, because the contribution from ∇ τ (k F ) τ µ has an extra imaginary unit. In fact, this form of the imaginary term exactly corresponds to the torsion trace [19] interacting to fermion, but in the torsion case this term always cancels. Perhaps, the same concerns the corresponding quantum contributions in (18) , because they may be actually cancelled by another ∇ τ (k F ) τ µ -terms coming from the O(K ρλ ) contributions which we did not calculate here.
In the curvature-dependent sector the situation is also quite interesting. On dimensional reasons one could expect the counterterms of the form
where the last part S GHD represents generalized form of the higher derivative term. Let us remember that the renormalizable theory in curved space-time always includes higher derivative vacuum (metric dependent) terms (see, e.g. [16, 10] . In case when some extra field (e.g. torsion)
are present, the consistent form of the vacuum action becomes more complicated, involving the dependence of these extra fields. For example, in case of torsion the total number of possible independent structures in the vacuum action equals to 168 [20] . It is obvious that the number of necessary structures in the present case, with all new (dimensional and dimensionless) fields will be enormous and therefore we will not try to list them. Instead we just notice that, in our one-loop calculations, only two such terms emerge as counterterms and therefore
In the expressions (22) and (23), the coefficients φ, φ µν , φ µναβ , η
should depend on the new Lorentz/CPT breaking parameters in (4) . The renormalizability of the theory requires that these terms should be introduced into the classical gravitational action, along with the usual Einstein-Hilbert, cosmological and higher derivative terms. Let us notice that the first term in (22) has the known metric-scalar form 6 , while the next two terms have a qualitatively new structure and may lead to new physical effects. Recently, an extensive investigation of the possible phenomenological manifestations of the new terms (22) has been performed in [21] on the basis of the post-Newtonian approximation. According to this work, the phenomenological manifestations of these, linear in curvature, terms are potentially measurable and therefore the theoretical status of these terms and especially their relation to the possible violation of the Lorentz/CPT symmetries in the matter sector deserve our attention. The form of divergences (18) indicates that the linear in curvatures terms do renormalize only due to the non-constant nature of the new parameters in the matter sector. Let us remark that this result does not depend on the assumptionK ρλ = 0 which we have used in the present work, because theK ρλ matrix is composed by the dimensionless parameters and therefore can contribute to the dimensional coefficients φ, φ µν , φ µναβ only through the derivatives of these parameters. All in all, the possible sources of the φ, φ µν and φ µναβ terms may be either the derivatives of the dimensionless parameters in the matter sector or the higher loop corrections. In the last case the numerical values of the contributions would be extremely weak.
Renormalization group
The renormalization group equations in the matter sector have the form which follow from the expression for the divergences
In the particular case when all parameters are constants, these equations are exactly the ones obtained in [8] . According to the general analysis [10] these renormalizations group equations preserve their form in the curved space-time as well. The only difference is the interpretation of the renormalization group parameter t. The definition given in eq. (24) is the general one for the MS renormalization scheme. At the same time, the standard physical interpretation in the flat space is that t is the energy-momentum scaling parameter, while in curved space it is a metric scaling parameter [10] (see also further references therein). As it was already indicated in [8] , the running of the parameters is small and therefore it has no much sense to analyze the renormalization group flows for these small parameters. Rather than that, the equations presented above may be used as a hint for seeing the relation between different parameters, especially for the case of non-constant ones. For instance, we observe that the vector and axial vector parts of the torsion tensor a µ and b µ may be caused by the variable Lorentz violating k F field in the vector sector.
The renormalization group equations of the new interaction parameters in the gravitational sector φ µν F , φ, φ µν and φ µναβ , can be written as
Here we can observe also the non-trivial nature of the variable parameters in the matter fields sector. Perhaps the most interesting is that only these variations are linked with the Lorentz violations in the gravitational sector.
Conclusions
We have investigated the one loop renormalization of the Lorentz/CPT violating QED in curved space-time, treating the Lorentz/CPT violating parameters as fields rather than as constants. The practical calculation has been performed for the "minimal" sector of the theory, admitting application of the usual Schwinger-DeWitt technique. We have found the relation between the Lorentz violating terms in the matter and gravitational sector. In particular, the corresponding gravitational terms which were recently discussed in [21] , are necessary at the quantum level in case when the Lorentz violating terms in the matter section are not exactly constants.
